Designing a financial market that works well is very important for developing and maintaining an advanced economy, but is not easy because changing detailed rules, even ones that seem trivial, sometimes causes unexpected large impacts and side effects. A computer simulation using an agent-based model can directly treat and clearly explain such complex systems where micro processes and macro phenomena interact. Many effective agent-based models investigating human behavior have already been developed. Recently, an artificial market model, which is an agent-based model for a financial market, has started to contribute to discussions on rules and regulations of actual financial markets. I introduce an artificial market model to design financial markets that work well and describe a previous study investigating tick size reduction. I hope that more artificial market models will contribute to designing financial markets that work well to further develop and maintain advanced economies.
1 Artificial market model: an agent-based model for a financial market
Importance and difficulty of market design
People have been able to develop advanced economies by cooperating to exchange goods for money. Creation of any industry requires investment to first purchase or build tools to make goods. Thus, a financial market that enables smooth investment is obviously required. The economist John McMillan, who used game theory to investigate many markets, said "a market works well only if it is well designed" [1] . Market design (regulations, rules) determines whether a market works well or badly. McMillan also concluded that "the economy is a highly complex system. It is at least as com- * mizutata@gmail.com, http://mizutatakanobu.com plex as the systems studied by physicists and biologists." The computer scientist Melanie Mitchell said "economies are complex systems in which the simple, microscopic components consist of people buying and selling goods, and the collective behavior is the complex, hard-to-predict behavior of markets as a whole, such as fluctuations in stock prices" [2] . A financial market is another highly complex system where a simple summation of micro processes (trader behaviors) never explains macro phenomena (price formation). Changing detailed rules, even ones that seem trivial, sometimes causes unexpected large impacts and side effects. McMillan illustrated this nature as "both God and the devil are in the details." Designing a market well is very important for developing an advanced economy, but not easy.
An agent-based model explaining a complex system
Separately investigating macro phenomena and micro processes unclearly explains complex systems where macro phenomena and micro processes interact. A mathematical model and an empirical study cannot directly treat or clearly explain the interactions. A computer simulation using an agent-based model, on the other hand, can directly treat and clearly explain the interactions 1 . An agent-based model includes agents modeling trader behaviors and shows macro phenomena as a result of their interactions. Agent behaviors that are simple but affected by macro phenomena cause complex macro phenomena, which are not a simple summation of the agent behaviors. Thus, an agent-based model gives researchers new knowledge. An agent-based model, requiring no data, is a true computer simulation.
Not only financial markets but also social systems are complex system. Many studies using agent-based models has already succeed to investigate social systems . For examples, investigating effects of new creation road ways to traffic jam and determining an evac-uation route with terror and fire in a building. To solve such problems, researchers naturally use various approaches: a mathematical model, an empirical study, and an agent-based model. Each approach has advantages and disadvantages and gives researchers various viewpoints and knowledge to find unexpected side effects. An agent-based model for such problems has been as indispensable as a mathematical model and an empirical study.
An artificial market model = an agent-based model for a financial market
An artificial market model is an agent-based model for a financial market. Since the 1990s, many significant artificial market models [4] [5] [6] have been developed. Projects building generic artificial market models have been conducted such as the U-mart project in Japan in the 2000s 2 . These artificial market models have contributed to explaining the nature of financial market phenomena such as bubbles and crashes.
An artificial market model, however, has rarely been used to investigate the rules and regulations of a financial market. After the bankruptcy of Lehman Brothers in 2008, some articles argued that traditional economics had not found ways to design markets that work well and anticipated an artificial market model to do so. Indeed, in Science, Battiston et al. [8] explained that "since the 2008 crisis, there has been increasing interest in using ideas from complexity theory (using network models and agent-based models) to make sense of economic and financial markets," and in Nature, Farmer and Foley [9] explained that "such (agent based) economic models should be able to provide an alternative tool to give insight into how government policies could affect the broad characteristics of economic performance, by quantitatively exploring how the economy is likely to react under different scenarios."
Financial regulators and exchanges, who decide rules and regulations, especially desire an artificial market model to design a market that works well. Indeed, the Japan Exchange Group (JPX), which is the parent company of the Tokyo Stock Exchange, has published 30 JPX working papers including 9 papers using an artificial market model as of April 2019
3 . Also in Europe, a three-year project (2014) (2015) (2016) (2017) founded by the European Commission to integrate macro-financial modeling for robust policy design included a work package named bridging agent-based and dynamic-stochastic-general-equilibrium modeling approaches for building policy-focused macro-financial models 4 . The Bank of England also published a working paper investigating effects of passive funds in a bond market using an artificial market model [10] .
Mizuta [11] reviewed other previous agent-based models for designing a financial market that works well that are not mentioned above.
Suitable complexity, advantages and disadvantages
Here, I will discuss features that an artificial market model for designing a financial market should have. Such models aim not to accurately forecast but to design a financial market that works well. To discuss what a better design is, acquiring knowledge of what mechanism affects prices is more important than replicating a real financial market. Such a model needs to reveal possible mechanisms that affect price formation through many simulation runs, e.g., searching for parameters or purely comparing the before/after of changes. Possible mechanisms revealed by these runs provide new knowledge and insights into the effects of the changes on price formation in actual financial markets. Other methods of study, e.g., empirical studies, would not reveal such possible mechanisms.
An unnecessary replication of macro phenomena leads to models that are over-fitted and too complex. Such models would prevent us from understanding and discovering mechanisms that affect price formation because the number of related factors would increase. Indeed, artificial market models that are too complex are often criticized because they are very difficult to evaluate [12] . A model that is too complex not only would prevent us from understanding mechanisms but also could output arbitrary results by over-fitting too many parameters. It is more difficult for simpler models to obtain arbitrary results, so these models are easier to evaluate. An artificial market model should be built as simple as possible and not intentionally implement agents to cover all the investors who would exist in actual financial markets.
As Michael Weisberg mentioned, modeling is "the indirect study of real-world systems via the construction and analysis of models. Modeling is not always aimed at purely veridical representation. Rather, the researchers worked hard to identify the features of these systems that were most salient to their investigations." [13] Therefore, good models differ depending on the phenomena being focused on. Thus, my model is good only for the purpose of this study and may be not good for other purposes. An aim of my study is to understand how important properties (behaviors, algorithms) affect macro phenomena and play a role in the financial system rather than representing actual financial markets precisely. Fig. 1 shows features of outputs of an artificial market model and an empirical study. Outputs of an empirical study are included in the area that has happened in a real financial market. The advantage of an empirical study is outputs exclude the all area not happening in the past or future. The disadvantage, however, is outputs exclude any area happening in the future.
The advantage of an artificial market model is outputs include the part of the area happening in the future. The disadvantage, however, is outputs include the part of area not happening in the past or future. An artificial market model just outputs "possible" results to understand the mechanism of a market. Discussing whether the results will occur or not needs other methods, e.g., an empirical study and a mathematical model.
Discussing the outputs of an artificial market model always needs knowledge given by empirical studies and mathematical models. A market that works well should be designed by not one but several methods (an artificial market model, empirical study and a mathematical model), and the methods should collaborate to mutually compensate for their disadvantages.
Many empirical studies, e.g., Sewell [14] , have shown that both stylized facts (fat-tail and volatilityclustering) exist statistically in almost all financial markets. Conversely, they have also shown that only the fat-tail and volatility-clustering are stably observed for any asset and in any period because financial markets are generally unstable. This leads to the conclusion that an artificial market should replicate macro phenomena existing generally for any asset and any time, fat-tail, and volatility-clustering. This is an example of how empirical studies can help an artificial market model. More stock markets are now making full use of information technology (IT) to achieve low-cost operations, especially in the United States and Europe. Their market shares of trading volume have caught up with those of traditional stock exchanges. Thus, each stock is traded at many stock markets at once. Whether such fragmentation makes markets more efficient has been debated [16, 17] . Many factors, such as tick size, speed of trading systems, length of trading hours, stability of trading systems, safety of clearing, and variety of order types determine the market share of trading volume between actual markets. A smallness of the tick size is one of the most important factors to compete with other markets.
Mizuta et al. [15] used an artificial market model to investigate competition, in terms of taking market share of trading volume, between two artificial financial markets that have exactly the same specifications except for tick sizes and initial trading volume.
Model
The model of Chiarella and Iori [18] is very simple but replicates long-term statistical characteristics observed in actual financial markets: a fat tail and volatility clustering. In contrast, that of Mizuta et al. [15] replicates high-frequency micro structures, such as execution rates, cancel rates, and one-tick volatility, that cannot be replicated with the model of Chiarella and Iori [18] . Only fundamental and technical strategies existing generally for any market and any time 5 are implemented to the agent model.
The number of agents is n. First, at time t = 1, agent 1 orders to buy or sell the risk asset; then at An agent model t = 2 agent 2 orders to buy or sell. At t = 3, 4, , , n, agents 3, 4, , , n respectively order to buy or sell. At t = n + 1, going back to the first agent, agent 1 orders to buy or sell, and at t = n + 2, n + 3, , n + n, agents 2, 3, , , , n respectively order to buy or sell, and this cycle is repeated. Note that t passes even if no deals have occurred. An agent j determines an order price and buys or sells by the following process. Agents use a combination of the fundamental value and technical rules to form expectations on a risk asset return (Fig.  2) . The expected return of agent j at t is
where w i,j is the weight of term i for agent j and is independently determined by random variables uniformly distributed on the interval (0, w i,max ) at the start of the simulation for each agent. P f is a fundamental value and is constant 6 . In addition, P t is the market price of the risk asset, and t j is determined by random variables from a normal distribution with average 0 and variance σ . Finally, r t h,j is a historical price return inside an agent's time interval τ j , where r t h,j = log (P t /P t−τj ), and τ j is independently determined by random variables uniformly distributed on the interval (1, τ max ) at the start of the simulation for each agent 7 . The first term of Eq. (1) represents a fundamental strategy: the agent expects a positive return when the market price is lower than the fundamental value, and vice versa. The second term of Eq. (1) represents a technical strategy: the agent expects a positive return when the historical market return is positive, and vice versa. 6 This enables focusing on phenomena in short time scales, as the fundamental price remains static. 7 When t < τ j , however, r t h,j = 0. After the expected return has been determined, the expected price is P t e,j = P t exp (r t e,j ).
The order price P t o,j is determined by random variables normally distributed with average P t e,j and standard deviation P σ , where P σ is a constant. (Fig. 3) Whether to buy or sell is determined by the magnitude relationship between P t e,j and P t o,j : when P t e,j > P t o,j , the agent places an order to buy one share, but when P t e,j < P t o,j , the agent places an order to sell one share 8 . Scattering the order prices around the expected price enables the distribution of order prices in a real financial market to be replicated and a simulation to run stably.
Agents always order only one share. The model adopts a continuous double auction, so when an agent orders to buy (sell), if there is a lower price sell order (a higher price buy order) than the agent's order, dealing immediately occurs. Such an order is called "market order". If there is not a lower price sell order (a higher price buy order) than the agent's order, the agent's order remains in the order book. Such an order is called "limit order". The remaining order is canceled after t c from the order time. Agents can short sell freely. The quantity of holding positions is not limited, so agents can take any shares for both long and short positions to infinity.
The agents trade one stock at two markets: A and B (Fig. 4) . The two stock markets have exactly the same specifications except for the minimum unit of a price change (tick size) per P f , ∆P A , ∆P B and initial 8 When t < tc, however, to generate enough waiting orders, the agent places an order to buy one share when P f > P t o,j , or to sell one share when P f < P t o,j . The model of market selection is almost the same as an order allocation algorithm (Smart Order Routing, SOR) used in a real financial market. Each agent determines a market to which to order for every order. When the agent order is buy (sell), the agent searches for the lowest sell (highest buy) orders of each market. These prices are called "best prices." When best prices differ between two markets and the order will be a market order in least one of the markets, the agent orders to buy (sell) in a market in which the best price is better, i.e., lower (higher) in the case of the buy (sell) order. In other cases, i.e., when the best prices are exactly the same or the order will be a limit order in both markets, the agent orders to buy (sell) in market A with probability W A
Agents
where T A is the trading volume of market A within last t AB , and the calculating span of W A and T B is that of market B. To summarize, if the market order and best prices differ, agents order to buy (sell) in the market in which the best price is better than that in the other market. In other cases, agents order to buy (sell) in markets depending on the market share of trading volume.
Simulation Results
Mizuta et al. [15] investigated the transition of market shares of trading volume involving two markets. The two stock markets (A and B) had exactly the same specifications except for tick sizes per P f , ∆P A , ∆P B and initial market share of trading volume W A = 0.9, W B = 0.1. They set n = 1000, w 1,max = 1, w 2,max = 10, w 3,max = 1, τ max = 10000, σ = 0.06, P σ = 30, t c = 20000, P f = 10000, and t AB = 10000 (5 days). Simulations are ran to t = 10000000. On the other hand, Fig. 6 shows the case in which ∆P A = 0.001%, 0.0001% and ∆P B = 0.0001%, which is 1/100 of that in Fig. 5 , and ∆P A also became 1/100. Market B could not take market share despite ∆P B being 1/10 of ∆P A . Therefore, competition under tick sizes that are too small does not affect the taking of market share of trading volume.
The relationship between tick size and taking market share of trading volume is investigated. Fig. 7 shows the market shares of trading volume of W A at 500 days for various ∆P A and ∆P B . The following two 
are drawn where σ t is the standard deviation of return for one tick, which was small enough. In the region in which at least Eq. (4) or (5) is satisfied, market share of trading volume of market A is rarely taken. In the region in which neither Eq. (4) nor (5) is satisfied, under the dashed and solid lines, market share of trading volume of market A is rapidly taken. This shows that when the tick size of market A is smaller than σ t , market share of trading volume of market A is rarely taken even if the tick size of market B is much smaller than that of A. Fig. 8 shows the standard deviation of return for one tick (volatility), σ t , and market share of trading volume of market A at 500 days, W A for various ∆P A where ∆P B = 0.0001%. The left vertical axis and horizontal axis are logarithmic scales. Eq. (4) was never satisfied for all ∆P A in Fig. 8 . The horizontal dotted line is σ t = σ t . On the left side, σ t equals σ t and σ t does not depend on ∆P A . This means that the difference in tick size does not affect price formations where tick sizes are smaller than σ t . On the right side, ∆P A is larger, σ t is larger. This implies that the prices normally fluctuate less than ∆P A ; however, price variation less than ∆P A is not permitted. Thus, price fluctuations depend on ∆P A . In this case, market share of trading volume rapidly deceases in accordance with increasing ∆P A . On the left side, however, the shares are stable. Fig. 9 summarizes the above discussion. When ∆P A is larger than σ t (Fig. 9 top) , if ∆P B is smaller than ∆P A , there is a large amount of trading in market B inside ∆P A . Thus, market B takes market share of trading volume from market A. When ∆P A is smaller than σ t (Fig. 9 bottom) , even if ∆P B is very small, price fluctuations cross many widths of ∆P A and sufficient price formations occur only in market A. Thus, market B can rarely take market share of trading volume from market A.
An empirical analysis comparing with the simulation results
Next, Mizuta et al. [15] analyzed empirical data and compared them with the simulation results shown in Fig. 9 , using Japanese stock market data. The data period included all business days in the 2012 calendar year. The number of stocks analyzed is 439, which were selected by TOPIX 500 9 over the entire index data period, had the same minimum unit of a price change for every month end, and were traded every business day. Fig. 10 shows the standard deviations for 10 seconds of each stock (volatility), σ t (triangles), which is the averaged standard deviation of return for 10 minutes except for opening prices for every day, and ∆P is market share of the trading volume of the Proprietary Trading System (PTS) 10 of each stock (circles) with tick sizes per averaged prices at the end of every month of the Tokyo Stock Exchange 11 . The right vertical axis is upside down to easily compare with Fig. 9 . The horizontal dotted line is σ t = σ t .
On the left side, σ t , which equaled σ t , did not much depend on ∆P . On the right side, ∆P and σ t were larger. These results are similar to those in Fig. 9 . The market share of trading volume of PTS deceased along with ∆P . When ∆P was larger, PTS more easily took market share of trading volume, and σ t tended to increase along with ∆P .
Summary of the case study: tick size reduction
A market having a tick size larger than volatility will lose market share of trading volume to other markets. In contrast, a market having a tick size smaller than volatility, even if the tick size is larger than those of other markets, will rarely lose market share to other markets. A tick size smaller than volatility rarely affects competition of market share between financial markets, whereas a tick size larger than volatility enlarges the volatility and prevents adequate price formation.
9 TOPIX 500 is a free-float capitalization-weighted index that is calculated on the basis of the 500 most liquid and highly market capitalized domestic common stocks listed on the Tokyo Stock Exchange first section.
10 Electric trading systems outside stock exchanges are called PTSs in Japan. A PTS is very similar to an Alternative Trading System (ATS) and Electronic Communications Network (ECN) in other countries. 11 Mizuta et al. used the data from the Tokyo Stock Exchange to calculate ∆P and σt. They used Bloomberg data to calculate the market share or trading volume of the PTS, which is its entire trading volume divided by those of Japans traditional stock exchanges and PTS, where PTSs are Japan Next PTS JMarket, Japan Next PTS X-Market, and Chi-X Japan PTS, and where Japans traditional stock exchanges are the Tokyo, Osaka, Nagoya, Fukuoka, and Sapporo stock exchanges and JASDAQ.
This simulation study is the first to discuss an adequate tick size
12 . An empirical study cannot investigate tick sizes that have never been used in an actual financial market or isolate a direct effect on price formation affected by many factors. In contrast, an artificial market model can isolate the pure contributions of changing a tick size to price formation and simulate a tick size that has never been used. An artificial market model has these advantages over an empirical study.
After the simulation study of Mizuta et al. [15] , the mathematical model of Nagumo et al. [21] achieved the same result. In this way, an artificial market model can indicate new problems that studies using mathematical models and empirical analysis should solve.
Conclusion
In this paper, I introduced an artificial market model, which is an agent-based model for a financial market, to design a financial market that works well. An artificial market model has recently started to contribute to discussions on rules and regulations of actual financial markets such as tick size reduction. The contribution has not been great yet but will become greater soon.
Some readers may think tick size reduction is a trivial matter for a financial market. This is, however, important and should not be underestimated. Changing detailed rules sometimes causes unexpected large impacts and side effects. John McMillan illustrated this nature as "both God and the devil are in the details" [1] . Detailed design can determine whether a financial market develops or destroys an advanced economy. Designing a market well is very important for developing and maintaining an advanced economy, but not easy.
I hope that more artificial market models will contribute to designing a financial market that works well to further develop and maintain advanced economies.
